Abstract: A space X is sequentially separable if there is a countable D ⊂ X such that every point of X is the limit of a sequence of points from D. Neither "sequential + separable" nor "sequentially separable" implies the other. Some examples of this are presented and some conditions under which one of the two implies the other are discussed. A selective version of sequential separability is also considered.
Introduction
Our topological notation follows [12] . For more on the "small uncountable" cardinals used here see [8] and [21] . Recall that for a subset A of a space X , seq \ A is nonempty whenever A \ A is nonempty [12] . A subset D ⊂ X is said to be sequentially dense in X if [D] seq = X . A sequential space X has sequential order 2 if for every A ⊂ X , [A] seq seq = A [1] . * E-mail: bella@dmi.unict.it † E-mail: milena_bonanzinga@hotmail.com, mbonanzinga@unime.it
Definition 1.1 ([20, 23]).
A space is sequentially separable if X has a countable sequentially dense subspace, that is there exists a countable D ⊂ X such that for every ∈ X there exists a sequence from D converging to .
In particular, all separable Fréchet spaces and all countable spaces are sequentially separable. Every sequentially separable T 2 space has cardinality ≤ c.
Definition 1.2 ([13], explicitly in [16]).
A space is strongly sequentially separable if it is separable and every dense countable subspace is sequentially dense.
In the literature [3, 13, 15, 16, 22, 23] sequential separability and strong sequential separability are discussed mostly with respect to products, Tychonoff cubes 2 κ and their subspaces, mappings, and C -spaces. In the first part of the paper we discuss the "naive" question of how far sequentiality + separability is from sequential separability. Section 2 contains some relevant counterexample and Section 3 some positive results. Of particular interest in Section 2 is Example 2.1. In the second part we introduce and study a new type of selective separability. Section 4 also contains a minor strengthening of a recent theorem of Dow and Barman.
The diagram below collects elementary implications and references to examples in Section 2. In Section 3 we present some partial positive results. In the last section, we begin the study of a selective version of sequential separability.
Let ω denote the set of nonnegative integers. The Arens space S 2 [1] is the set ω × (ω + 1) ∪ { }, with / ∈ ω × (ω + 1), topologized in such a way that ω × (ω + 1) is the usual topological product of the discrete space ω and the convergent sequence ω + 1 and for any ∈ ω and any ∈ ω ω a typical neighbourhood of in S 2 takes the form { } ∪ {( 
Examples
The next example was suggested to the authors by Dow.
Example 2.1.
A compact T 2 separable and sequential space of sequential order 2 which is not sequentially separable.
The space will be a version of a Ψ-space [11] which has a compactification whose remainder is the one-point compactification of an uncountable discrete space. Let A be an infinite maximal almost disjoint family on ω. For each element A ∈ A we select an infinite maximal almost disjoint family B(A) of infinite subsets of A. Let B be the maximal almost disjoint family consisting of the union of all the families B(A) for A coming from A. One can easily check that the family B refines the family A. Now, suppose that D is a countable subset of X . Since {B(A) : A ∈ A} is a partition of B, there is a countable set E contained in A such that D is disjoint from B(A) for all A ∈ A \ E. Taking any A ∈ A which is not in D ∪ E, it is easy to check that A is not the limit of any converging sequence from D. Therefore, the space X is not sequentially separable.
The strength of the previous construction lies in the fact that it provides a compact space. The smallest size of it is the cardinal a = min {|M| : M is an infinite maximal almost disjoint family of subsets of ω}. It is well known [8] that it is consistent to have ℵ 1 < a. So, the space in the above example may fail to have the minimal possible cardinality.
To get a similar example of cardinality just ℵ 1 , we replace in the above construction the maximal almost disjoint families B(A) with copies of the Arens space. In this manner, we will lose compactness, but we will still have a nice Tychonoff space.
Example 2.2.
A T 2 zero-dimensional (hence Tychonoff) separable sequential space X of cardinality ℵ 1 which is not sequentially separable.
We will construct X of the form ω ∪ A ∪ B, where A is an uncountable almost disjoint family of infinite subsets of ω and B is an uncountable disjoint family of countably infinite subsets of A. Let B be any almost disjoint family of infinite subsets of ω of cardinality ℵ 1 . Represent each B ∈ B as an infinite pairwise disjoint union of infinite subsets B :
B ∈ B}, and X = ω ∪ A ∪ B. We topologize X as follows: The points of ω are isolated. A basic neighborhood of B ∈ A takes the form
where F is an arbitrary finite subset. A basic neighborhood of A B ∈ B takes the form Choosing appropriate F and F provides empty intersection.
Other cases are trivial, so X is Hausdorff. The space X has the following properties:
(a) ω is dense in X and |X | = ℵ 1 .
That X is sequential of sequential order 2 follows from conditions (b) and (c). That X is separable is evident from (a). To see that X is not sequentially separable, assume by contradiction that S is a countable sequentially dense subset of
seq . By (b), S ∩ B must be sequentially dense in Z . By (d), Z is uncountable. A contradiction, since Z is discrete and S ∩ B is countable.
It is very easy to find a countable space which is neither strongly sequentially separable nor sequential, take for instance the subspace ω ∪ { } ⊆ βω. A much nicer example is given below.
Example 2.3.
The topological group X = C (2 ω 2) is (countable hence) sequentially separable but neither strongly sequentially separable nor sequential.
To show that X is not strongly sequentially separable, let µ be the standard measure on 2 ω (with respect to which µ(2 ω ) = 1, the "halves" of 2
Indeed, if ( : ∈ ω) were a sequence of functions from E converging to 0, then 
Example 2.4.
A countable T 2 space which is strongly sequentially separable but not sequential.
Let O be the set of all odd integers and let E = ω\O. Fix a free ultrafilter F on O and define a topology on X = ω∪{ }, by declaring each point of ω isolated and by taking as a local base at the collection {{ } ∪ F ∪ {2 : < κ < ω} : F ∈ F ∈ ω}. The space X is strongly sequentially separable because a dense set D must contain ω and if / ∈ D then the set E is a sequence converging to . Thus, in any case D is sequentially dense in X . On the other hand, X is not sequential because the non-closed set O is sequentially closed, i.e.
[O] seq = O.
A different example follows from
Theorem 2.5 ([15]).
The space 2 κ is strongly sequentially separable if and only if κ < p.
Thus, under the assumption p > ω 1 , we see that the compact topological group 2 ω 1 is strongly sequentially separable but not sequential.
Positive results
In this section we will discuss some conditions under which sequential + separable implies sequentially separable or even strongly sequentially separable. The following is obvious.
Proposition 3.1.

Every separable Fréchet space is strongly sequentially separable.
The following is well known.
Proposition 3.2.
Let A be a countable subset of a space X . If χ(X ) < p and ∈ A, then there exists a sequence S ⊂ A which converges to .
An immediate consequence of the previous proposition is Proposition 3.3.
If the space X is sequential and for every ∈ X , χ(X ) < p, then X is Fréchet.
However, for sequential spaces we may show that the cardinal p in the previous proposition can be replaced with the larger cardinal b. Notice that, a similar result for compact spaces of cardinality less than b is mentioned in [10] .
Proposition 3.4.
If X is sequential and for every ∈ X , χ(X ) < b, then X is Fréchet.
It is clear that a sequential space X is Fréchet if and only if for every
seq . Then, in order to prove Proposition 3.4 it is enough to prove the following lemma. The following is an immediate corollary of the previous proposition.
Proposition 3.6.
If X is separable, sequential, and for every ∈ X , χ(X ) < b, then X is strongly sequentially separable.
Next we will show that for a countably compact X , the character in Proposition 3.4 can be replaced by pseudocharacter. More precisely, the following two propositions, the second of which is a corollary of the first one, hold.
Proposition 3.7.
A countably compact sequential space in which every point is the intersection of less than b many closed neighborhoods is Fréchet.
Proof. Again 
Proposition 3.8.
If X is regular, countably compact, separable, sequential and for every ∈ X , ψ(X ) < b, then X is strongly sequentially separable.
In the non-regular case, we have another corollary from Proposition 3.7. Recall that for a Hausdorff space X , the Hausdorff pseudocharacter of X is the cardinal number Hψ(X ) = min τ, where τ ranges over all cardinals with the following property: for every ∈ X there is a family of neighborhoods {V α : α < τ} such that whenever = there is α < τ such that V α ∩ V α = ∅. It is clear that if {V α : α < Hψ(X )} is the family of neighborhoods from the definition of Hψ, then {V α : α < Hψ(X )} = { }.
Proposition 3.9.
If X is countably compact, separable, sequential and Hψ(X ) < b, then X is strongly sequentially separable.
On selective sequential separability
A great attention has recently received the notion of selective separability [2, 4-7, 14, 19] (sometimes under different names). A space X is selectively separable or M-separable if for every sequence (D : ∈ ω) of dense subspaces of X one can pick finite F ⊂ D , ∈ ω, so that {F : ∈ ω} is dense in X [4] ; "M" comes from the similarity with the Menger covering property, see for example [17, 18] .
Taking into account the notions discussed in the first part of this paper, it is quite natural to consider a selective version of sequential separability. Here, we are going to make only the first step in this direction.
Definition 4.1.
A space X is M-sequentially separable if for every sequence (D : ∈ ω) of sequentially dense subspaces of X , one can pick finite F ⊂ D , ∈ ω, so that {F : ∈ ω} is sequentially dense in X .
In Scheepers' terminology [18, 19] the M-sequential separability is S fin (S S), where S is the family of all sequentially dense subspaces of X . An immediate consequence of the definitions is
Proposition 4.2.
Every M-sequentially separable space is sequentially separable.
As it is pointed out in [6] , every space with a countable π-base is M-separable. This fact and the above proposition immediately show that βω is a compact M-separable space which is not M-sequentially separable. Even better, the spaces in Examples 2.1 and 2.2 are sequential and M-separable but not M-sequentially separable. We expect the affirmative answer to the following question.
Question 4.3.
Does there exist a sequentially separable (or even countable) M-separable space which is not M-sequentially separable?
In the other direction, we have the answer.
Example 4.4.
An M-sequentially separable (hence sequentially separable) space which is not M-separable.
In [2, 7] it is shown that there exists a countable maximal regular space X which is not M-separable. First of all, X being countable is sequentially separable. Moreover, in a maximal space [9] there are no non-trivial convergent sequences. Therefore, if (D : < ω) is a sequence of sequentially dense subspaces, then we must have D = X for each . Letting X = { : < ω}, the choice ∈ X = D witnesses that X is M-sequentially separable.
The example above could appear "extreme" as the space involved does not contain non-trivial convergent sequences. However, at least consistently, we can provide a compact counterexample with "a lot of" convergent sequences. It suffices to take the space 2 Proof. If Iso(X ) is the set of all isolated points of X , then M-separability of X boils down to M-separability of the subspace X \ Iso(X ). So, we may assume for the proof that the space X does not have isolated points. Let {D : < ω} be a sequence of dense subsets of X . Fix a dense set { : < ω} and let {L : < ω} be a partition of ω into infinite sets. Let { : ∈ L } be a dense set of points distinct from and for each ∈ L , let S be a sequence of points of D \ { } converging to . The set {S : ∈ L } is dense in X and so there exists a sequence T ⊆ {S : ∈ L } \ { } which converges to . As we are working in a T 2 space, the set F = T ∩ S is finite for each . We obviously have F ⊆ D and ∈ {F : ∈ L }. Doing this for each , we finally get that the set {F : ∈ ω} is dense in X and we are done.
Lemma 4.7.
Every sequentially dense subspace of a separable space is itself separable.
Proof. Let Y be a sequentially dense subspace of the separable space X and fix a countable dense set { : < ω} ⊆ X . For each there exists a sequence S ⊆ Y which converges to . The countable set {S : < ω} ⊆ Y is clearly dense in Y .
With the help of Lemma 4.7, the next two corollaries follow immediately from Theorem 4.6.
Corollary 4.8 (Dow-Barman).
Every Fréchet separable T 2 space is M-separable (and hence M-sequentially separable).
Corollary 4.9.
Every strongly sequentially separable T 2 space is M-sequentially separable.
Notice that a strongly sequentially separable space may fail to be M-separable: take again 2
It is shown in [7] that "separable + sequential" does not imply M-separability. Perhaps, it should analogously happen with M-sequential separability, but the example presented in [7] does not seem good for this purpose. So we may ask Question 4.10.
Find a separable sequential space which is not M-sequentially separable.
We would like to conclude the paper by calling the reader's attention to one more question concerning Tychonoff cubes. The cardinal q is defined as the smallest cardinal such that no set of reals of this size or larger is a Q-set [21] . (A subset S of the real line is called a Q-set if each of its subsets is G δ ).
Theorem 4.11 ([13]).
min {κ : 2 κ is not sequentially separable} = q.
Let µ = min {κ : 2 κ is not M-sequentially separable}. Taking into account Theorem 4.11 and Proposition 4.2 on one hand and Theorem 2.5 and Corollary 4.9 on the other hand, we have p ≤ µ ≤ q. We do not have a pure combinatorial characterization of the cardinal µ. However, we would like to leave the reader with the following Question 4.12.
Is it the case that µ ∈ {p q}?
